Abstract. We investigate the classical Zassenhaus conjecture for the normalized unit group of the integral group ring of the simple Janko group J 1 . As a consequence, for this group we confirm Kimmerle's conjecture on prime graphs.
In order to state the result we need to introduce some notation. Put G = J 1 . Let C = {C 1 , C 2a , C 3a , C 5a , C 5b , C 6a , C 7a , C 10a , C 10b , C 11a , C 15a , C 15b , C 19a , C 19b , C 19c }, the collection of all conjugacy classes of G, where the first index denotes the order of the elements of this conjugacy class and C 1 = {1}. Suppose u = α g g ∈ V (ZG) has finite order k. Denote by ν nt = ν nt (u) = ε Cnt (u) = g∈Cnt α g , the partial augmentation of u with respect to C nt . From S.D. Berman's Theorem [Ber55] one knows that ν 1 = α 1 = 0 and (1) Cnt∈C ν nt = 1.
Hence, for any character χ of G, we get that χ(u) = ν nt χ(h nt ), where h nt is a representative of a conjugacy class C nt .
The main result is the following.
Theorem 1. Let G denote the first Janko simple group J 1 . Let u be a torsion unit of V (ZG) of order |u|. The following properties hold.
(i) If |u| = 30, then |u| coincides with the order of some element g ∈ G.
(ii) If |u| ∈ {2, 3, 7, 11, 19}, then u is rationally conjugate to some g ∈ G.
(iii) If |u| = 5, then the tuple of the partial augmentations of u belongs to the set (ν 2a , ν 3a , ν 5a , ν 5b , ν 6a , ν 7a , ν 10a , ν 10b , ν 11a , ν 15a , ν 15b , ν 19a , ν 19b , ν 19c ) ∈ Z 14 | (ν 5a , ν 5b ) ∈ { (−1, 2), (0, 1), (1, 0), (2, −1) }, ν kx = 0, kx ∈ {5a, 5b} .
(iv) If |u| = 6, then the tuple of the partial augmentations of u belongs to the set (ν 2a , ν 3a , ν 5a , ν 5b , ν 6a , ν 7a , ν 10a , ν 10b , ν 11a , ν 15a , ν 15b , ν 19a , ν 19b , ν 19c ) ∈ Z 14 | (ν 2a , ν 3a , ν 6a ) ∈ { (−4, 3, 2), (−2, 0, 3), (−2, 3, 0), (0, 0, 1), (0, 3, −2), (2, 0, −1) }, ν kx = 0, kx ∈ {2a, 3a, 6a} .
(v) If |u| = 10, then the tuple of the partial augmentations of u belongs to the set (ν 2a , ν 3a , ν 5a , ν 5b , ν 6a , ν 7a , ν 10a , ν 10b , ν 11a , ν 15a , ν 15b , ν 19a , ν 19b , ν 19c ) ∈ Z 14 | (ν 5a , ν 5b , ν 10a , ν 10b ) ∈ { (2, −2, 0, 1), (0, 0, 2, −1), (0, 0, 0, 1),
kx ∈ {5a, 5b, 10a, 10b} .
(vi) If |u| = 15, then the tuple of the partial augmentations of u belongs to the set
(vii) If |u| = 30, then the tuple of partial augmentations of u cannot belong to the set Z 14 \ M , where
(−1, 1, −2, 0, 1, 2), (0, 0, −2, 0, 1, 2), (0, 0, 0, −2, 2, 1),
(1, −1, −1, −1, 2, 1), (1, −1, 0, −2, 2, 1) }, ν kx = 0, kx ∈ {5a, 5b, 10a, 10b, 15a, 15b} .
As an immediate consequence of the first part of the Theorem one obtains Kimmerle's conjecture for J 1 .
Preliminaries
Throughout the paper we simply denote J 1 by G. The p-Brauer character table of the group G will be denoted by BCT(p).
The following result relates the solution of the Zassenhaus conjecture to partial augmentations of torsion units. [LP89] and Theorem 2.5 in [MRSW87] ) Let u ∈ V (ZG) be of order k. Then u is conjugate in QG to an element g ∈ G if and only if for each d dividing k there is precisely one conjugacy class C with partial augmentation
Proposition 1. (see
The next two results already yield that several partial augmentations are zero.
Proposition 2. (see [LP89] and Theorem 2.7 in [MRSW87] ) Let u be a torsion unit of V (ZG). Let C be a conjugacy class of G. If a ∈ C and p is a prime dividing the order of a but not the order of u then ε C (u) = 0.
Proposition 3. (see [Her06] , Proposition 3.1; [Her05a] , Lemma 5.6) Let G be a finite group and let u be a torsion unit in V (ZG). If x is an element of G whose p-part, for some prime p, has order strictly greater than the order of the p-part of u, then ε x (u) = 0.
Another important restriction on partial augmentations is given by the following result.
Proposition 4. (see [LP89, Her05a] ) Let either p = 0 or p a prime divisor of |G| and let F be the associated prime field. Suppose that u ∈ V (ZG) has finite order k and assume k and p are coprime in case p = 0. If z is a primitive k-th root of unity and χ is either a classical character or a p-Brauer character of G then, for every integer l, the number
is a non-negative integer.
Note that if p = 0, we will use the notation µ l (u, χ, * ) for µ l (u, χ, 0). Finally, we shall use the well-known bound for orders of torsion units.
The order of a torsion element u ∈ V (ZG) is a divisor of the exponent of G.
Proof of the Theorem
It is well known [GAP06, Gor83] that |G| = 2 3 · 3 · 5 · 7 · 11 · 19 and exp(G) = 2 · 3 · 5 · 7 · 11 · 19. The character table of G, as well as the Brauer character tables BCT(p), where p ∈ {2, 3, 5, 7, 11, 19}, can be found using the computational algebra system GAP [GAP06] . Throughout the paper we will use the notation, inclusive the indexation, for the characters and conjugacy classes as used in GAP.
Since the group G possesses elements of orders 2, 3, 5, 6, 7, 10, 11, 15 and 19, first of all we shall investigate units of these orders. After this, by Proposition 5, the order of each torsion unit divides the exponent of G, so it remains to consider units of orders 14, 21, 22, 30, 33, 35, 38, 55, 57, 77, 95, 133 and 209. We shall prove that units of all these orders except 30 do not appear in V (ZG).
Now we consider each case separately.
• Let |u| ∈ {2, 3, 7, 11}. Since there is only one conjugacy class in G consisting of elements or order |u|, this case follows at once from Proposition 2.
• Let u be a unit of order 19. By (1) and Proposition 2 we have that
Applying Proposition 4 to characters χ 2 , χ 8 , χ 13 in BCT(11) we get the following system of inequalities
From these restrictions and the requirement that all µ i (u, χ j , p) must be nonnegative integers it can be verified that (
Thus, for units of orders 2,3,7,11 and 19 we obtained that there is precisely one conjugacy class with non-zero partial augmentation. Proposition 1 then yields part (ii) of the Theorem.
• Let u be a unit of order 5. By (1) and Proposition 2 we get ν 5a + ν 5b = 1. Again applying Proposition 4 to characters in BCT(11) we get the system of inequalities
that has only four integer solutions (ν 5a , ν 5b ) ∈ {(0, 1), (2, −1), (1, 0), (−1, 2)} such that all µ i (u, χ j , 11) are non-negative integers, so part (iii) of the Theorem is proved.
• Let u be a unit of order 6. By (1) and Proposition 2 we have that
Applying Proposition 4 to characters in BCT(11) we get the system of inequalities
such that all µ i (u, χ j , 11) are non-negative integers. So part (iv) of the Theorem is proved.
• Let u be a unit of order 10. By (1) and Proposition 2 we have that
Since |u 2 | = 5, for any character χ of G we need to consider four cases, defined by part (iii) of the Theorem:
10 (−2ν 2a + 4ν 5a − ν 5b − 2ν 10a + 3ν 10b + α 2 ) ≥ 0; µ 0 (u, χ 6 , 11) = 1 10 (4ν 5a + 4ν 5b + 60) ≥ 0; µ 1 (u, χ 6 , 11) = 1 10 (−4ν 5a + 6ν 5b + α 3 ) ≥ 0; µ 4 (u, χ 6 , 11) = 1 10 (4ν 5a − 6ν 5b + α 3 ) ≥ 0; µ 5 (u, χ 6 , 11) = 1 10 (−4ν 5a − 4ν 5b + 60) ≥ 0, where (α 1 , α 2 , α 3 ) is equal to (13, 17, 50),(8, 12, 60),(18, 22, 40) and (3, 7, 70) in cases 1-4 respectively. Now denote t 1 = 2ν 2a + ν 5a + ν 5b − 3ν 10a − 3ν 10b ∈ Z, then from the first two inequalities (recall that all µ i (u, χ j , p) must be non-negative integers) we obtain that t 1 ∈ {−3, 2}. Put t 2 = 2ν 2a − 4ν 5a + ν 5b + 2ν 10a − 3ν 10b ∈ Z. From the third and fourth inequalities t 2 belongs to the set {−13, −3, 7, 17}, {−8, 2, 12}, {−18, −8, 2, 12, 22} and {−3, 7} in cases 1-4 respectively. Put t 3 = ν 5a + ν 5b ∈ Z. From fifth and eighth inequalities it follows that that t 3 ∈ {5k | −3 ≤ k ≤ 3}.
Finally, put t 4 = 2ν 5a − 3ν 5b . Considering the sixth and seventh inequalities we get that t 4 belongs to the set {5k | −5 ≤ k ≤ 5}, {5k | −6 ≤ k ≤ 6}, {5k | −4 ≤ k ≤ 4} and {5k | −7 ≤ k ≤ 7} in cases 1-4 respectively.
We
Since the matrix of the system is non-degenerate, such system has the unique solution for any values of parameters t i . For each of the allowable values of t 1 , t 2 , t 3 and t 4 we thus can compute the unique integer solution of this system of equations. Now Proposition 4 for BCT(11) also gives the following additional inequalities µ 1 (u, χ 2 , 11) = 1 10 (−ν 2a + 2ν 5a − 3ν 5b + 4ν 10a − ν 10b + β 1 ) ≥ 0; µ 2 (u, χ 2 , 11) = 1 10 (ν 2a + 3ν 5a − 2ν 5b + ν 10a − 4ν 10b + β 2 ) ≥ 0; µ 3 (u, χ 2 , 11) = 1 10 (−ν 2a − 3ν 5a + 2ν 5b − ν 10a + 4ν 10b + β 3 ) ≥ 0; µ 4 (u, χ 2 , 11) = 1 10 (ν 2a − 2ν 5a + 3ν 5b − 4ν 10a + ν 10b + β 4 ) ≥ 0; µ 0 (u, χ 3 , 11) = 1 10 (−8ν 2a + 6ν 5a + 6ν 5b + 2ν 10a + 2ν 10b + 18) ≥ 0; µ 1 (u, χ 3 , 11) = 1 10 (−2ν 2a − ν 5a + 4ν 5b + 3ν 10a − 2ν 10b + β 5 ) ≥ 0; µ 4 (u, χ 3 , 11) = 1 10 (2ν 2a + ν 5a − 4ν 5b − 3ν 10a + 2ν 10b + β 6 ) ≥ 0, where (β 1 , β 2 , β 3 , β 4 , β 5 , β 6 ) is equal to (11, −4, 6, 9, 12, 8), (6, 9, 11, 4, 17, 13), (16, −1, 1, 14, 7, 3), (1, 14, 16, −1, 22, 18) in cases 1-4 respectively. It then follows that the only integer solutions with nonnegative integers µ i (u, χ j , 11) are such that ν 2a = 0 and (ν 5a , ν 5b , ν 10a , ν 10b ) ∈ { (2, −2, 0, 1), (0, 0, 2, −1), (0, 0, 0, 1), (−1, 1, 1, 0), 
So part (v) of the Theorem is proved.
• Let u be a unit of order 15. By (1) and Proposition 2 we have that ν 3a + ν 5a + ν 5b + ν 15a + ν 15b = 1.
Since |u 3 | = 5, for any character χ of G we need to consider four cases, defined by part (iii) of the Theorem: Case 1. χ(u 3 ) = χ(5a). Case 3. χ(u 3 ) = 2χ(5a) − χ(5b). Case 2. χ(u 3 ) = χ(5b). Case 4. χ(u 3 ) = −χ(5a) + 2χ(5b).
Again applying Proposition 4 to characters in BCT(11) we get the system µ 0 (u, χ 2 , 11) = 1 15 (8ν 3a − 4ν 5a − 4ν 5b + 8ν 15a + 8ν 15b + 7) ≥ 0; µ 5 (u, χ 2 , 11) = 1 15 (−4ν 3a + 2ν 5a + 2ν 5b − 4ν 15a − 4ν 15b + 4) ≥ 0; µ 0 (u, χ 3 , 11) = 1 15 (−8ν 3a + 12ν 5a + 12ν 5b + 12ν 15a + 12ν 15b + 18) ≥ 0; µ 5 (u, χ 3 , 11) = 1 15 (4ν 3a − 6ν 5a − 6ν 5b − 6ν 15a − 6ν 15b + 21) ≥ 0; µ 1 (u, χ 4 , 11) = 1 15 (−3ν 5a + 2ν 5b + 5ν 15b + α 1 ) ≥ 0; µ 6 (u, χ 4 , 11) = 1 15 (+6ν 5a − 4ν 5b − 10ν 15b + α 1 ) ≥ 0; µ 1 (u, χ 6 , 11) = 1 15 (2ν 3a − 4ν 5a + 6ν 5b + 2ν 15a − 3ν 15b + α 2 ) ≥ 0; µ 1 (u, χ 7 , 11) = 1 15 (−2ν 3a + 4ν 5a − 6ν 5b − 2ν 15a + 3ν 15b + α 3 ) ≥ 0, where (α 1 , α 2 , α 3 ) is equal to (25, 48, 72),(30, 58, 62),(20, 38, 82) and (35, 68, 52) in cases 1-4 respectively. Now denote t 1 = 2ν 3a − ν 5a − ν 5b + 2ν 15a + 2ν 15b ∈ Z, then from the first two inequalities (recall that all µ i (u, χ j , p) must be non-negative integers) we obtain that t 1 = 2. Put t 2 = 2ν 3a − 3ν 5a − 3ν 5b − 3ν 15a − 3ν 15b ∈ Z. From the third and fourth inequalities t 2 = −3. Put t 3 = 3ν 5a − 2ν 5b − 5ν 15b ∈ Z. From the fifth and sixth inequalities it follows that that t 3 belongs to the set {−5, 10, 25}, {−15, 0, 15, 30}, {−10, 5, 20} and {−10, 5, 20, 35} in cases 1-4 respectively.
Finally, put t 4 = 2ν 3a − 4ν 5a + 6ν 5b + 2ν 15a − 3ν 15b ∈ Z. Considering the seventh and eighth inequalities we get that t 4 belongs to the set { γ + 15k | k = 0, . . . , 8 }, where γ is equal to −48, −58, −38, −68 in cases 1-4 respectively. We obtain the system of linear equations ν 3a + ν 5a + ν 5b + ν 15a + ν 15b = 1; 2ν 3a − ν 5a − ν 5b + 2ν 15a + 2ν 15b = 2; 2ν 3a − 3ν 5a − 3ν 5b − 3ν 15a − 3ν 15b = −3; 3ν 5a − 2ν 5b − 5ν 15b = t 3 ; 2ν 3a − 4ν 5a + 6ν 5b + 2ν 15a − 3ν 15b = t 4 .
Since the matrix of the system is non-degenerate, such system has a unique solution for any values of the parameters t i . For each of the allowable values of t 3 and t 4 , we thus can compute the unique integer solution of this system of equations. Now Proposition 4 for BCT(11) also gives the following additional inequalities:
15 (2ν 3a − 8ν 5a + 2ν 5b − 8ν 15a + 2ν 15b + β 6 ) ≥ 0; µ 6 (u, χ 3 , 11) = 1 15 (2ν 3a + 2ν 5a − 8ν 5b + 2ν 15a − 8ν 15b + β 7 ) ≥ 0, where (β 1 , β 2 , β 3 , β 4 , β 5 , β 6 , β 7 ) is equal to (9, 4, 7, 12, 11, 13, 8), (4, 9, 12, 7, 16, 8, 13 ), (14, −1, 2, 17, 6, 18, 3) and (−1, 14, 17, 2, 21, 3, 18) in cases 1-4 respectively. It then follows that the only integer solutions with non-negative integers µ i (u, χ j , 11) are such that ν 3a = 0 and (ν 5a , ν 5b , ν 15a , ν 15b ) ∈ { (0, 0, 0, 1), (0, 0, 1, 0), (1, −1, 1, 0), (−1, 1, 0, 1) }.
So part (vi) of the Theorem is proved. Now we will prove part (i). To do this we will show that V (ZG) has no elements of orders 14, 21, 22, 33, 35, 38, 55, 57, 77, 95, 133 and 209.
• Let u be a unit of order 14. By (1) and Proposition 2 we have ν 2a + ν 7a = 1. By Proposition 4 we obtain the system of three inequalities
• Let u be a unit of order 21. By (1) and Proposition 2 we have ν 3a + ν 7a = 1. By Proposition 4 we obtain the system of three inequalities
• Let u be a unit of order 22. By (1) and Proposition 2 we have ν 2a + ν 11a = 1. Using Proposition 4 to characters in BCT(19) we obtain that µ 0 (u, χ 2 , 19) = (ν 2a + 54) ≥ 0, and this system of inequalities has no integral solutions such that µ 0 (u, χ 2 , 19), µ 11 (u, χ 2 , 19) and µ 2 (u, χ 5 , 19) are non-negative integers.
• Let u be a unit of order 33. Obviously, ν 3a + ν 11a = 1 by (1) and Proposition 2. Applying Proposition 4 to characters in BCT(5) we get
This system of inequalities has no integral solutions such that µ 0 (u, χ 5 , 5) and µ 11 (u, χ 5 , 5) are non-negative integers.
• Let u be a unit of order 35. By (1) and Proposition 2 we have
Since u 7 has order 5 and by (iii) of the Theorem we have 4 different partial augmentations, we need to consider four cases. Again applying Proposition 4 to characters in BCT(11) we obtain that in all of these four cases µ 0 (u, χ 2 , 11) = 1 35 (−12(ν 5a + ν 5b ) + 5) ≥ 0; µ 5 (u, χ 2 , 11) = 1 35 (2(ν 5a + ν 5b ) + 5) ≥ 0. Clearly, this system has no integral solutions such that µ 0 (u, χ 2 , 11), µ 5 (u, χ 2 , 11) are non-negative integers.
• Let u be a unit of order 38. By (1) and Proposition 2 it yields that
Since u 2 has order 19 and we have three conjugacy classes of elements of order 19, we need to consider three cases. By Proposition 4, using BCT(11), in all three cases we have the system of inequalities µ 0 (u, χ 14 , 11) = 1 38 (18ν 2a + 210) ≥ 0; µ 1 (u, χ 14 , 11) = 1 38 (ν 2a + 208) ≥ 0; µ 19 (u, χ 14 , 11) = 1 38 (−18ν 2a + 208) ≥ 0, that has no integral solutions such that µ 0 (u, χ 14 , 11), µ 1 (u, χ 14 , 11) are non-negative integers.
• Let u be a unit of order 55. By (1) and Proposition 2 we have
By Proposition 4 we have the system of inequalities
that has no integral solutions such that all µ i (u, χ j , * ) are non-negative integers.
• Let u be a unit of order 57. By (1) and Proposition 2 it yields that
Since u 3 has order 19 and we have three conjugacy classes of elements of order 19, we need to consider three cases. By Proposition 4 using BCT(11) we obtain that in all these three cases µ 0 (u, χ 14 , 11) = 1 57 (−36ν 3a + 207) ≥ 0; µ 1 (u, χ 14 , 11) = 1 57 (−ν 3a + 210) ≥ 0; µ 19 (u, χ 14 , 11) = 1 57 (18ν 2a + 210) ≥ 0, that has no integral solutions such that µ 0 (u, χ 14 , 11), µ 1 (u, χ 14 , 11) are non-negative integers.
• Let u be a unit of order 77. By (1) and Proposition 2 we have ν 7a + ν 11a = 1. Using Proposition 4, we get the system of inequalities µ 0 (u, χ 2 , * ) = 1 77 (60ν 11a + 66) ≥ 0, µ 11 (u, χ 2 , * ) = 1 77 (−10ν 11a + 66) ≥ 0, that has no integral solutions such that µ 0 (u, χ 2 , * ), µ 11 (u, χ 2 , * ) are integers.
• Let u be a unit of order 95. By (1) and Proposition 2 we have
Clearly, u 19 has order 5 and by part (iii) of the Theorem we have 4 different partial augmentations for elements of order 5. Moreover, u 5 has order 19 and we have three conjugacy classes of elements of order 19. Thus, we need to consider 12 cases. Using Proposition 4 for BCT(11) we obtain that in all 12 cases µ 0 (u, χ 14 , 11) = 1 95 (−72(ν 5a + ν 5b ) + 205) ≥ 0; µ 19 (u, χ 14 , 11) = 1 95 (18(ν 5a + ν 5b ) + 210) ≥ 0, that has no integral solutions such that µ 0 (u, χ 14 , 11), µ 1 (u, χ 14 , 11) are integers.
• Let u be a unit of order 133. By (1) and Proposition 2 it yields that
Since u 7 has order 19, again we need to consider three cases. Again using Proposition 4 for BCT(11) we obtain that in all three cases µ 0 (u, χ 14 , 11) = 1 133 (−108ν 7a + 203) ≥ 0; µ 19 (u, χ 14 , 11) = 1 133 (18ν 7a + 210) ≥ 0, that has no integral solution such that µ 0 (u, χ 14 , 11), µ 1 (u, χ 14 , 11) are integers.
• Let u be a unit of order 209. By (1) and Proposition 2 we have ν 11a + ν 19a + ν 19b + ν 19c = 1.
Since u 11 has order 19 we need to consider three cases. Again applying Proposition 4 to BCT(7) we obtain that in all three cases µ 0 (u, χ 12 , 7) = It remains to finish with part (vii) of the Theorem.
• Let u be a unit of order 30. Clearly, u 6 , u 5 , u 3 and u 2 have orders 5, 6, 10 and 15 respectively, and there are 4, 6, 12 and 4 tuples of partial augmentations for elements of these orders, given by parts (iii)-(vi) of the Theorem. Thus we need to consider 4 · 6 · 12 · 4 = 1152 cases.
Using the LAGUNA package [BKRS06] we constructed and solved all these cases, and it turns out that only the six cases in the table below yield a non-trivial solution.
3χ(3a) − 2χ(2a) 2χ(5b) − 2χ(5a) + χ(10a) χ(15a) χ(5b) 3χ(3a) − 2χ(2a) 2χ(10b) − χ(10a) χ(15a) χ(5a) 3χ(3a) − 2χ(2a) 2χ(10a) − χ(10b) χ(15b) χ(5a) 3χ(3a) − 2χ(2a) 2χ(5a) − 2χ(5b) + χ(10b) χ(15b) 2χ(5a) − χ(5b) 3χ(3a) − 2χ(2a) χ(10a) χ(5a) − χ(5b) + χ(15a) 2χ(5b) − χ(5a) 3χ(3a) − 2χ(2a) χ(10b) χ(5b) − χ(5a) + χ(15b)
Each of corresponding systems contains more than thirty inequalities, and has exactly one solution. We omit the technical computations and immediately list all these six solutions in part (vii) of the Theorem.
